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1 Introduction
Fractional diﬀerential equations is a generalization of ordinary diﬀerential equations and
integration to arbitrary non-integer orders. The origin of fractional calculus goes back to
Newton and Leibniz in the seventeenth century. Fractional diﬀerential equations appear
naturally in a number of ﬁelds such as physics, engineering, biophysics, blood ﬂow phe-
nomena, aerodynamics, electron-analytical chemistry, biology, control theory, etc.An ex-
cellent account of the study of fractional diﬀerential equations can be found in [–] and
the references therein. Boundary value problems for fractional diﬀerential equations have
been discussed in [–]. By contrast, the development of stability for solutions of frac-
tional diﬀerential equations is a bit slow. El-Sayed, Gaafar and Hamadalla [] discuss the
existence, uniqueness and stability of solutions for the non-local non-autonomous system







bij(t)xj(t – rj) + hi(t), t > ,
where Dα denotes the Riemann-Liouville derivative of order α.
We consider nonlinear fractional diﬀerential equationswith delay and integral boundary








, t > , (.)
x(t) = φ(t) for t <  and lim
t→– φ(t) = , (.)
I–αx(t)|t= = , (.)
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where α ∈ (, ), f :R+×R →R are continuous functions, aj(t), φ(t) are given continuous
functions, τj ≥ , j = , , . . . ,n are constants.
In this article our aim is to show the existence of a unique solution for (.)-(.) and its
uniform stability.
2 Preliminaries
In this section, we introduce notation, deﬁnitions and preliminary facts which are used
throughout this paper.
Deﬁnition . The fractional integral of order α >  of a function f : R+ → R of order
α ∈R+ is deﬁned by




(t – s)α–f (s)ds,
provided the right-hand side exists pointwise on R+.  is the gamma function.
For instance, Iαf exists for all α >  when f ∈ C(R+) ∩ Lloc(R+); note also that when
f ∈ C(R+), then Iαf ∈ C(R+) and moreover Iαf () = .
Deﬁnition . The Riemann-Liouville fractional derivative of order α ∈ (, ) of a func-
tion f :R+ →R is given by
Dαf (t) = ddt I






(t – s)–αf (s)ds.
Deﬁnition . Let f : R+ × R → R be continuous functions and satisfy the Lipschitz
conditions
∣∣f (t,x, yj) – f (t,u, vj)∣∣≤ k|x – u| + kj|yj – vj|, k > ,kj > , j = , , . . . ,n
for all x, yj,u, vj ∈R.
3 Existence of a unique solution for nonlinear fractional differential equations
(1.1)-(1.3)





∣∣x(t)∣∣}, x ∈ X.
Theorem . Let f :R×R →R be continuous and satisfy the Lipschitz condition: if
∑n
j= aj(k + kje–Nτj )
Nα < ,
where aj =maxt∈R+{|aj(t)|}, then nonlinear fractional diﬀerential equations (.)-(.) have
a unique positive solution.
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Integrating both sides of the above equation, we obtain

































































































































∣∣x(s – τj) – y(s – τj)∣∣ds.
By conditions (.), we have


























































(t – θ – τj)α–
(α) e
–N(t–θ )e–Nθ



















∣∣x(t) – y(t)∣∣}∫ t–τ
























































j= aj(k + kje–Nτj )
Nα ‖x – y‖.
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Nα < . So, the map F : X → X is a
contraction and it has a ﬁxed point x = Fx, and hence there exists a unique x ∈ X which is
a solution of integral equation (.).
We now prove the equivalence between integral equation (.) and nonlinear fractional
diﬀerential equations (.)-(.). Indeed, since x ∈ X and I–αx(t) ∈ C(X), applying the op-

































, t > ,
which proves the equivalence of (.) and (.). We want to prove that limt→+ x = . Since
aj(t)f (t,x(t),x(t – τj)) are continuous on [,T], there exist constants m, M such that m ≤













































which in turn implies
nm t
α




















Then from (.) limt→+ x(t) =  and from (.), we have limt→+ φ(t) = . 
Now, for t ∈ (–∞,T], T < ∞, the solution of nonlinear fractional diﬀerential equations




φ(t), t < ,





 (t – s)α–aj(s)f (s,x(s),x(s – τj))ds, t > .
4 Stability of a unique solution for nonlinear fractional differential equations
(1.1)-(1.3)
In this section, we study the stability of the solution of nonlinear fractional diﬀerential
equations (.)-(.).






j= aj(t)f (t,x(t),x(t – τj)), t > ,
x(t) = φ˜(t) for t <  and limt→– φ˜(t) = ,
I–α x˜(t)|t= = .
Deﬁnition . The solution of nonlinear fractional diﬀerential equation (.) is stable if
for any  > , there exists δ >  such that for any two solutions x(t) and x˜(t) of nonlinear
fractional diﬀerential equations (.)-(.) and P˜ respectively, one has ‖φ(t) – φ˜(t)‖ ≤ δ,
then ‖x(t) – x˜(t)‖ <  for all t ≥ .
Theorem . The solution of nonlinear fractional diﬀerential equations (.)-(.) is uni-
formly stable.
Proof Let x(t) and x˜(t) be the solutions of nonlinear fractional diﬀerential equations (.)-
(.) and P˜ respectively, then for t > , from (.), we have

















































∣∣x(s – τj) – x˜(s – τj)∣∣ds


















































∣∣φ(t) – φ˜(t)∣∣}∫ 
–τj










∣∣x(t) – x˜(t)∣∣}∫ t–τj





















































j= aj(k + kje–Nτj )
Nα
























j= aj(k + kje–Nτj )
Nα
]–∥∥φ(t) – φ˜(t)∥∥;








Nα ] such that ‖φ(t) –
φ˜(t)‖ < δ. Then ‖x(t) – x˜(t)‖ ≤ , which proves that the solution x(t) is uniformly stable.

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